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10.4 Connectivity

paths path of length n

simple

circuit

in directed graph
circuit or cycle

simple path

counting paths the number of different paths of length r from 
v_i to v_j the (i,j)th entry of A^r

connectedness in undirected graphs

connected
There is a simple path between every pair of 
distinct vertices of a connected undirected 
graph

connected components/components
cut vertex/articulation point

cut edge/bridge

connectedness in direct graphs
strongly connected 双向联通 strongly connected components/strong 

components

weakly connected undirected graph is connected

paths and isomorphism

number and size of the connected components

path
simple circuits of the same degree

corresponding vertices have the same degree

10.5 Euler and Hamilton Paths

Euler paths and circuit

Euler path simple path containing every edge of G

Euler circuit simple circuit containing every edge of G

Euler graph

a connected multigraph has ...
each of its vertices has even degree

it has exactly two vertices of odd degree

Euler circuit and paths in directed graphs(a 
directed multigraph having no isolated vertices) weakly connected

the in-degree and out-degree of each vertex 
are equal

the in-degree and out-degree of each vertex 
are equal for all but two vertices, one that has 
in-degree 1 larger than its out-degree and the 
other that has out-degree 1 larger than its in-
degree.

hamilton paths and circuit

Hamilton path visits every vertex in G exactly once

Hamilton circuit/Hamilton cycle visits every vertex exactly once, except for the 
first vertex

Hamilton graph

sufficient condition If G is a simple graph with n vertices with n>=3 
such that

 the degree of every vertex in G is at least n/2

deg(u)+deg(v) >= n for every pair of 
nonadjacent vertices u and v in G

G has a Hamilton circuit. Hamilton path: 增加一个和所有点都联通的点构
造circuit，然后把那个点去掉

necessary condition

G is connected

There are at most two vertices which degree 
are less than 2.

The degree of each vertex is larger than 1.

For any nonempty subset S of set V, the 
number of connected components in G-S <=|S|.

G has a Hamilton circuit.

If a vertex in the graph has degree two, then 
both edges that are incident with this vertex 
must be part of any Hamilton circuit.

When a Hamilton circuit is being constructed 
and this circuit has passed through a vertex, 
then all remaining edges incident with this 
vertex, other than the two used in the circuit , 
can be removed from consideration.  

G has a  Hamilton path.

examples

10.6 Shortest Path Problems

weighted graph G=(V,E,W)

Dijkstra’s Algorithm
用表格表示解题过程：

第二数学归纳法可证明找到的为最短路

时间复杂度O(n^2)：连+比较

10.7 Planar Graphs

planar planar representation(draw without crossing)

region
bounded region

unbounded region one unbounded region in a planar graph

Deg(R) the number of the edges on the boundary of R

in a connected planar simple graph

Euler's Formula r=e-v+2(数学归纳法证明)

e≤3v-6 G  has a vertex of degree not exceeding five

v≥3 and no circuits of length 3,then e ≤2v-4

based on:
2e=∑deg(R_i)

r=e-v+2

KURATOWSKI’S THEOREM

homeomorphic obtained from the same graph by a sequence 
of elementary subdivision

A graph is nonplanar if and only if it contains 
a subgraph homeomorphic to K3,3 or K5. 

10.8 Graph Coloring

the dual graph of the map

The chromatic number of a graph

表示：x(G)

The chromatic number of a planar graph is no 
greater than four.

Show that the chromatic numbers of a graph is 
n.

Show that the graph can be colored with n 
colors. constructing such a coloring 

Show that the graph cannot be colored using 
fewer than n colors. 

A simple graph with a chromatic number of 2 is 
bipartite.
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