5.2 Strong Induction and Well-ordering

[Theorem 1] The simple polygon with n sides, where
n 1s an integer with #>3, can be triangulated into n-2 triangles.

Proof:

Let T(n) be the statement that simple polygon with » sides can be
triangulated into n-2 triangles

(1) Basis step: 7(3) is true.

(2) Inductive step:

Assume that 7(j) is true for all integers j with 3<j <k. We must
show 7(k+1) is true, that is that every simple polygon with k+1 sides
can be triangulated into k-1 triangles.

Suppose that we have a simple polygon P with £+1 sides.

By Lemma 1, P has an interior diagonal ab. ab splits P into two

simple polygon Q, with s (3<s <k) sides, and R, with 7 (3<z <k) sides.

(detail omitted.)

By strong induction, every simple polygon with n sides, where n > 3, can be

Triangulated into n-2 triangles. 7




4.3 Recursive Definition and Structural Induction

= + 0<r,<
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Proof:

The number of divisions n<5k
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4.3 Recursive Definition and Structural Induction

S S _ rg=riqtr, 0sr<r
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2T Suppose that a store offers gift certificates in denomina-
e. q ( H Wi 8) tions of 25 dollars and 40 dollars. Determine the possible
total amounts you can form using these gift certificates.

Prove your answer using strong induction.
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8.4 Generating Functions

(Example 11)] Use generating functions to solve the recurrence

relationq,

- 2an—l

+3a,, +4" + 6 with initial conditionsa, = 20,a4, = 60.

Solution:

/

G(x)—a, —a,x 2xz a,x"

a =2a, +3a,,+4"+6 X x"

n _ n n n_.n n
ax" =2a x"+3a, ,x"+4"x" +6x

Zax —ZZa X" +3Zan2x +Z4”x"+62x

1

2x(G(x)—a,) 3x"G(x)




8.4 Generating Functions

20—80x+2x* +40x°
(1-4x)(1—-x)

~ 20-380x+ 2x* +40x°
(1-4x)(1-x)1+x)(1-3x)

(1-2x-3x")G(x) =

G(x)

16/5 -=-3/2 31/20 67/4
1-4x 1-—x I+x 1-3x

l

16 3 31 67 .
Y n_ 21" T x(=1)" — %3
: x 4 2><1 2OX( ) 1

16 3 31 67




8.4 Generating Functions

(Example 12)] Use generating functions to prove Pascal’s
identity C(n,r)=C(n—-1,r)+ C(n—1,r —1) when n and r are
positive integers with » <n .



8.4 Generating Functions

Proof:  G(x)=(1+x)" =Y. Cn,r)x"
(1 + x)n = (1 -+ x)(l + X)n_l = (1 + x)n—l + X(l + x)n—l

L n—l n—l1
Y Cn,r)x" =Y Cln=1r)x" + 3 Cn—1,r)x""
r=0 r=0 r=0
-1
/ ZC(n 1,r)x" +ZC(n Lr—1)x"
1 r=0

1+ E_ C(n,r)x" +x" )
p— n—l
—1+ZC(n Lr)x" + E Cn—1r—-1)x"+x"

r=1

HZ_iC(n,r)x’" = y_j[c(n—l,l”)-l-C(n—l,r—l)]xr y




