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The sum rule

The product rule

The jnduSiDﬂ‘ExduﬁD" Pfi"C"P'e ( subtraction rule) IAUB\:IA\“"B'"A/'B‘
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ree qurams

The Pigeonhole Peinciple  if N objects are placed jno K boxes, then there is of leost une boX comtoininrg 61 L6651 /J’;;qu’

examples: (D (3) In a party of 2 or more people, there are 2 people with the
same number of friends in the party. (Assuming you can’t be

your own friend and that friendship is mutual.) 7% fﬂ‘ l-i] a@g_ f}’ﬁ m:' :

Pigeans : the  peaple (wih 1 1. e ® B 8 %y 099 AL

Pigeonholes: the possible number of friends, i.e.

the set @ 1,2,3,

KExample 3] Show that among any n+1 positive int  exceeding li‘z 4,'\‘.‘;] @
2n there must be an integer that di ¢ of the other i . i S &
Solution: _ ks
Let n#+1 posilive integers be el - 21} @ ai‘c\a %i (Q )

» where k; is a nonnegative
integer less than 2n.

®) Piqeonhole.

Since there are only n odd positive integers less than 2n,
by the pigeonhole principle it follows that there exist
integers { and j such that g=q=¢,

then a=2"ganda -2"q

Tt follows that if «; < a;, then o;| #; while il 4; < a;, then ;| 4;,

[(Example 5) Suppose that there are n arbitrary " - % /5 VE So Lp K >
) 4 ~ A S
integers Xx,,X,,....x, . Show that there exist some consecutive A “’f\i" M%‘\K =) ¥ 5«\%‘%\" Bﬁ‘ B TRAR

)
integers such that the sum of these integers is the multiple of . . a .S X { { 7 =¢
———  —— XNz 2= Q) w i AA
Solution:
T
N éw’iﬁ\” P r\,% = 0%— &F
) / 74 AN . D / £ (< =~
® i (n|a) %b dL é\@f Je i, « F A 4 A8 i’r\ N2
. \ ' \ \ l‘
@ -3 (na) ()H/lS 1o fﬁeﬁﬂ "‘iole
[{Example 6] Every sequence of 72+1distinct integers contains a Hence there are 72X 11 = 1> pairs ( x,,), ),
subsequence of length 12 + 1 that is either strictly increasing or )
strictly decreasing. Since there are »°+1 a,, By the pigeonhole principle, it
Proof: follows that there exist terms o, a, (1<i<;j<n’+1) %g— P Qir ( XK, gk )
For example, n=2 such that (x,»)=(x;,j;)

1,2,3,45; 4,83,6,1; 53, .
Since a, #a -
Let the sequence be a,,4a,,....a. i #\) ﬁ‘ ?‘. QD" ‘e
Associate(*;. ;) to the term 9; , whereX; is the length of the It follows that 9
longest increasing subsequence starting at 9, and Vi is the 1) a,<a,
length of the longest decreasing subsequence starting at d; ’

Suppose that there is no increasing or decreasing 2) 4 >4
subsequence of length #+1.Then
1<x, <n 1<y, <n In either case there is a contradiction.




[(Example 4)] During 11 weeks football games will be held at
least 1 game a day, but at most 12 games be arranged each week.
Show that there must be a period of some number of consecutive
days during which exactly 21 games must be played.

Solution:
x,  the number of football games held on the ith day

=3

1<a <a,..<a,; <12x11=132

¢, =a, +21 22<¢ <c, <..<cp; <132+21=153

A=1a,.a,,.ay.c.c, . c,}  B=1{,2,.153}

Ji#j such that a,=c,;

a,=a; +21

g o : =9
a,—a; =x,+x,+.+x,, =21

[(Example 7) Assume that in a group of six people, each pair of
individuals consists of two friends or two enemies. Show that there

are either three mutual friends or three mutual enemies in the group.

Proof:
Let the six people be a,,a,.a;,a,,a;,a,

Take a, into consideration. Of the five other people in the
group, there are either three or more who are friends of «,,
or three or more who are enemies of a, . This follows from
the generalized pigeonhole principle.

(1) Suppose that a,,a;,a, are freinds of a,

(2) Suppose that a,,a;,a, are enemies of ,

44300y
4 Tk Ci= 0ivlgomes) > 0i2G

J

v
e {)o:o,co:(gamu) —>Y 0i-Co V
:Cj V4

R - > /D s I
. ﬁ}%‘hﬁh@\aq 3. &G f RA. NREiR.

R(3.9) <b
RU, D =TX
(i) Runim) =Rtm,n)
Gii) Rp.A=N
(v) R4.9)=38
(v) RS5O F[4249)

R(m.n) u) 5 R334

= /2 x , 9 . |4
r-permuteTion Pm,r) :‘(—7,!.,\,! B=Ch.b2 ... b,-] , A {0 e a } )[ -4
€ - CombinaTion Cunr) = (: = r’,"m A=lo. 0. .. 0.], B={c1] o A=k

C(n.n-r)

doude Counting proof
bijective proof

== ())X"'}q‘

combinatoriel proof ‘

the binomipl Theorem  (x+y)*

n n

)=
5050

n+|
k

m+t

PASCAL'S ldentity (

Vo-de-mmde’s [ destity (

)
)

I

n n
> (2):2(0)

Conrr= I[f[£:asp~r=1{olaepr fum=11]})

s (xz03))
:>f% 9

O(:I,bj?l)

(x=1.4=2)

The left-hand side counts the bit strings of length n+1
containing r+1 1s.

We show that the right-hand side counts the same
objects by considering the cases corresponding to the

possible locations of the final 1 in a string with 7+1 ones.

(IH-I ) ;Z ( J ) nse bIt’SIrinj onol donble Comnting
r+\ - z(k;ljzzm
permutetion with repetition atfeainy! . agt)

P('x, r) /r
repetition

[ - Circle Permutetion

r - CombinGtion  with C(nr-,r)

( stars ond boec)

)_7(. =C D O g =X Ao %% (3R o #4363 soar$2)

® 15% 1/‘110"7(m > 0 (z%‘qm,

Distribwting  0bjects into boxes:
() distinquishable objects ond distinguishoble boxes

and  indistinGiishable hoxes

@ distinquishoble objects
1ribute n dt(tMQmShOble

Cn.j) : the numbvr of woys o dis
gmj)\ z (0°¢; G-1)") /1

K , .
> 5 Senj) :;,((Z(—n C; -0 )/J-’)
j;‘ ) - 129

© imdistinguisheble obiects oadl  distinguishable  bores

n' /(h"h

e l)

vbjects into ) inclictingnicheble bowes 5o that no boxes is emply 4

o next lorgec permutation

uie (tars o~ bass \ next |QiQer Combinption

@) maistinguishoble obiects onol indistingGunishable boxes MV’&.
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recurrence relotion a,,:fto_o,o., Q,..... 0,,_._.) nn,
——— )
d
degree > initial Conditions
liner
con stont coefficiehts

degree k
hompgeneous (o0 =0, when 0i=2)

how 1o solve: [ Theorem 51 Let ic he a particular solution of the
nonhomogeneous linear recurrence relation with ¢
coefficients ¢, =¢,d, ¢, : + I
Then ¢ lution is of the form

is a solution of the associated homrgeneous recurrence relation
[ ] + L P Pee AR

[ Theorem 6] Assume a linear nonhomogeneous recurrence) [ Theorem 4] Letc;.c;, -~,¢; be real numbers. Suppose that \
equation with constant coefficients with the nonlinear part the characteristic equation +* —c /"' —..—c, =0  has¢
F(n) of the form distinct roots 7,7,,---,7 with multiplicities m,,m,,---,m, ,
F(n)=(bn' +b, 0" +--+bn+b)s" respectively, so that m, > 1for i=12,.--,t andm +m, +---+m, =k
Then a sequence {a,} is a solution of the recurrence relation

If s is not a root of the characteristic equation of the a,=ca, +ca,,+-+c.a, , if and only if

associated homogeneous recurrence equation, there is a
o o g o . -1y, 7
particular solution of the form a,=(a,,tant+-+a, 0" ) +

4 t t-1 =
(pp +p_n~ +--+pn+ Dy)s” (e + i+t aty,, 0™ D et

he form —N E o jﬁ

(p,n' + pn™ +-+ pu+p)s”

for ,=0,1,2,--- where a,; are constants for

If 5 is a root of multiplicity m , a particular solutions is of % (@ +o n++a,, n" "

15i<t0<j<m -1
Q.U  qenemting functions
/

Vv n+
NG,

|\l



8.6~6.L InClusion - EXxclusion
2 YT
[AVAU.. . UAA| = ‘2—_‘ (A ‘“Z.MIA:nA}'l + 2 //‘liﬂAjﬂAk,+ ot N | anmn-.pa.)

' 1IS1¢jeksh

N (P"P"’ ‘”P"'): N - /At VA, UA"':N‘E%’)/V(P;)‘*IE;:‘}CI! /V(P'PI)"'* (”)1N(P|‘)l"~Pn)

the number 0“: elements in 0 set that hove ngne .,f n properties

D) %+ Nt s Xn=M O the number of onto functions
x<k DN(A) 2k, 2K, ..., Xgz2k) m —>n (m>n)

@N@”'"?) 0]( K n" = Cen(n)" = Cen.2)n-2)" -+ 1)""CCnn=1) )"
i) (E K P/ime a .- Q; @ demngen.ont &E,HF)
i NG R B )* ) Da=nl(1=T7 +57 ~F * -+ (<157

chepter 9 relations

o ~ oflexive
[Definition] A binary relation R from a set A to a set B is a . o
subset of AxB. T .rref exive
Note: symmetriC
B Redg e ontisymnetric —— by ((xY1eR (1, )R> x=19)
< Ax

m R={(a,b)|ac 4,be B(akb) \Tronsitive

[ Definition] A relation on the set A is a relation from A to A.

Note:
B RcAxA

Question:

Symmetric, transitive = reflexive ?

(a,b)eR ,
) = (b,a)eR =
R is symmetric

[ Definition] Let R be a relation from
A={a,a,,---,a,}, to B=1{b,b,,---,b}
An mxn connection matrix M;=[m;] for R is defined by
B [1 lf(_al.,bj) eR,
710 if(a.b)eR.

R is transitive
This argument makes an assumption that Va3b(a,b) € R

n

Therefore, symmetry and transitivity are not enough to
infer reflexivity

5. Directed graph/Digraph

[ Definition] A directed graph or a digraph, consists of a set
of vertices together with a set E of ordered pairs of elements
of V called edges(or arcs).

The vertices a,b is called the initial and terminal vertices of the
edge (a,b), respectively.

combining relotions

set OP?’GTiofl un - - ®

R={(a,b)|ac AbeB,aRb}, S=1{(b,c)|beB,ceC,bSc Kbtk I LA F PPN (W 7T}

composition
The composite of R and §" SoR o™ RR.R™=RR
SoR={(a,c)lac Ance CATb(b e BraRbAbSc; ST SNTI W WTR (XA = R"QR
inyerse relotion —— (fw 4z0.2..)

wgthematicol induction
RER > R™CR
The inverse relation from B to A: R'(RY) (@.5)€R™ j = 0. €R, 17,6)-(/30_(‘/{

M _poe
((b.a)|(a,b)e R.ae A,be B} R™=ReR

R={(a,b)|ae A,b € B,aRb}

]:) (@.5)€R

R is transitive

+he properties a{ relation operetions:



qy (losures 0)[ Relations

T MR FROQ. RER »
the smallpq@relamn with property P containiag R ©

reflexive closare R (/1A
s

ZR=RUIreRIsa reflexive relotion

the diagorol relotion on A . 14~ [ |A) ‘
- v ic t1on
synmetric Closure R R = R=RUR™ >R is & symmewic reld
5 r to b
A porh of length n > there i< 0 poth of [ength n from : °m } \
the connectivity relation R = ¢ R S tRP)=R

+f |A]=n. then Gny poth of length

o  (o.b)<R’
tronSitive closure {

Cyde or Cirouit

: RExample 31 Let A= {12345} R = {(L1),(12,(24).(3.5).(42)}.i(R) = >n most contain o Oycle
W=M, =Wl
fork:=1ton X _ 2 N
begin Sk L Alzn, then t(R)I=R™ = RUR Y UR y
fori:=1ton ) ! / ’ 20(” )
begin > 0 c2) 0 n)
forj:=1ton co T vl ) o ’ /Vlt(R) = M,a VM& v ' v / R

w, =w, v (W A Wy );

end
end{ W =[w,]is M,, }

The complexity of algorithm: 2,13

; lexive
9.5 oquivalence relations — reflexi

symmetric
transitive
a and b are equivalent () G Rb X
R is an equivalence relation, and (a , b)e R (2) [®) :[ b] EQMH/N@YFL

Notation: a ~ b (3) [c]n[b] .t¢

the equivalence class of x

The set of all elements that are related to an element x of 4
Notation: [x]; [x]

a representative of the equivalence class [x],: be[x],

pertition of set A

[ Definition] A partition of set Ais a collection of disjoint
nonempty subsets of A that have A as their union.

w 10 éX r€$5 M (Example 3)] Find the partition of the set A from R.
! !
A={012345},
R ={(0,0),(1,1),(2,2),(3.3),(1,2),(1,3),(2.1),(2,3).(3,1),(3.2),(4,4),(4.5),(5.4),(5.5)}

Let {4,|icI} be a collection of subsets of A. Then the
collection forms a partition of A if and only if

Solution:

W A, = ¢ forie I(]isanindex set)

B 404 =g wheni% ] an equivelence relotion on G set A SO
x , A [11={1,2.3}
B Vae 4 Jisuchthatae 4,(i =12, $ i [4]={4,5}
Notation: g potition of A : prA=C (0], [1], 141

prd) = {4 liel)

operations:

[ Theorem 3] If p R, are equivalence relations on A, the
R,NR,is an equivalence relation on A.

[ Theorem 4] If g R are equivalence relations on A4, the
RUR, s areflexive and symmetric relation on A.

[ Theorem 1 If g R are equivalence relations on 4, then
(R, UR,)* 1s an equivalence relation on A.
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