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1 Finite Automata and Regular Language

1. Determine whether the following statements are true or false.

1) Infinite unions of regular sets are regular.
2
3

4) Let A, B,C be three languages, and A C B C C. If both A and C are regular, then B is

regular.

Language {a®"b*™cPt10 | n > 0,m > 0,p > 0} is regular.

(1)
(2)
(3) If Ly and Ly U Ly are regular languages, then L, is a regular language.
(4)

(5) If A is regular and B is non-regular, then A o B must be non-regular.
(6) If A is non-regular and both B and A N B are regular, then AU B is non-regular.
(7) Language {a'b’c* | i,j,k € N and i+ j # k mod 3} is not regular.
(8) Let A and B be two regular languages, then A @ B is also regular.
(9) {w: w is a regular expression for {a™b™ : n+m < 2007}} is a finite language.
)

(10) If Ly o Ly is a regular language, then either L; or L, is regular.

%

(1) X, {3 L= {a"b" | n > 0} RIZIEMET, 18 L = {ab} U {aabb} U....
2) v

B)X AL, =" W LuL, =Y

4) XA A=Y",0=0, 1l AC BC C M.
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(5) X. Al L.
(6) V. 8% AUB 2IEMES, IR B,AN B, AU B #2EN.

T A= (BN(AUB)U(ANB)), MEAVEHEIEMEFLES, I, (N FEGZE AT, 50 A
WREMES, TaE!

(7) X FERHEH R A RA I
(8) V. A@ B=(ANB)U(BNA).
9) X.

(10) X BATHFZREN Ly, Ly FRIEW, HEATEBERK G T, X6 T 5% FRRE
. 4 Ly FAE—ARIENNES, Lo = L1, 288 Ly WARIEN. B4 LU {e} Fl o U {e} A
N (RS IRICER). SR (L1 U{e}) o (LaU{e}) =327, RIEMIEH.

2. HHHPA ab BERIET (TR {a,0}) RIENZGAS, i NFA, $40 DFA, 3153 H/ML
DFA.

i ILUR.

3. Say whether each of the following languages is regular or not (prove your answers):
(1) Ly = {w | w € {a,b}* and w # w?}.

(2) Ly = {wtw | w,t € {a,b}T}.

(3) Ly = {wtw | w,t € {a,b}*}.
(4) L

4 = {uvu® | u,v € {a,b}"}.

i :

(1) #J& L} = {w | w = wf}. Pumping Theorem. w = a"ba™ = vyz, xy*z = a"'ba™ ¢ L.
(2) Pumping Theorem. w = a"baa™b = xyz, zy*z = a""baa"b ¢ Lo.

3)vV.w=e = {a,b}* C Ly = Ly={a,b}".

(4) V. Ly ARJF ER IR TR R N M FAF, B HAN £ A AT AR 24
v ALTH.




2 Context Free Language

1. Determine whether the following statements are true or false.

1
2

Suppose that L is context-free and R is regular, then L — R is context-free language.

Every regular language can be generated by context-free grammar.

(1)
(2)
(3) A and B are two context-free languages, so is A @ B, where A@ B=(A— B)U (B — A).
(4) Let L be a context-free language, then so is H(L) = {z | Jy € 3.7, |#| = |y| and zy € L}.
(5)

5) Language{zcy | z,y € {a,b}*,|z| < |y| < 3|z|} is context-free.

i -

(1) V. L-R=LNR.

2. Let L = {ab™c"a™ "¢ | m,n € N}.

(1) Give a context-free grammar for the language L.

(2) Design a PDA M = (K,> , T, A, s, F) accepts the language.

iR -
(1) G=(V,>.,S,R), V =4{85,51,5:,a,b,c}, > ={a,b,c} and
R = {S — (ISlC, Sl — bSla, Sl — SQ, Sg — CSQG,Z, SQ — 6}
K ={p,q} (q,0,8) (p,7)
(p,e,e) (¢,5)
Y ={a,b,c} (g,e,S) | (q,aS:c)
(q)€7 Sl) (Q7bsla)
(2) F: {57517527a7b7c} (q767 Sl) (q752)
(q767 SQ) (QJ CSQCLQ)
sS=Pp (Q7ea 52) (Qa 6)
(qve,a) (‘La)
F={q} (¢,e,b) (g,0)
(g.e.c) (g.c)
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S—P|Q

P XAX | PP

Q — XBX | QQ

X —aXb|bXa| XX |¢
A—=aAla

B —=bB|b

Turing Machine and Undecidability

(1) If A is recursive and B C A, Then B is recursive as well.

(2) There’s a function ¢ such that ¢ can be computed by some Turing machines, yet ¢ is not a

primitive recursive function.

(3) If Ly, Ly, and L3 are all recursively enumerable, then L; N (Ly U L3) must be recursively

enumerable.

(4) Let L; and Ly be two recursively enumerable languages. If Ly U Ly and Ly N Ly are recursive,

then both L; and L, are recursive.

(5) Let A and B be recursively enumerable languages and AN B = (). If AU B is also recursively
enumerable, then both A and B is decidable.

(6) Let L be a recursively enumerable language and L <, H, then L is recursive, where H = {*“M"

“w” | Turing machine M halts on w}.

(7) The set of undecidable languages is uncountable.




(6) V. L<, H = L is recursively enumerable.

(7) v/. The set of Turing machines is countable(encoding TM), so the number of decidable

language is countable.

2. Try to construct a Turing Machine to decide the following language.
L= {ww®|we{0,1}}.

You can assume the start configuration of the Turing machine is >Lw.

| |

—- R —— URUL —— ULy
de{0,1} de{0,1}

Ju I
Y n
firt % :

3. Show that the function: ¢ : N — N given by

() x mod 3, if x is a composite number;
plx) =
2% +1, otherwise.

iR : Since
¢(z) = rem(z,3) - (1 ~ prime(z)) + (2° + 1) - prime(z)
and rem(z, 3), 22 4+ 1 are primitive recursive functions, prime(z) is a primitive recursive predi-

cate, hence p(z) is primitive recursive.

4. Show the following function ¢ : NX N Xx --- x N+— N and k € N,k > 2
—
k

Pk (n17n27” : 7nk) = m]?X{nl,nQ,’ o 7nk}

is primitive recursive.



fiR%
maxs {ni,na}, ifk=2

Qi (n1, e, k) = _
maxs {maxy_1 {ny,ns, - ,np_1}t,nk}, k>3

maxs {ni,n2} =ny - (ng >ng) +ng - (1~ (ng >ny)) is primitive recursive.

5. Leyen = {“M" | M is a TM and L(M) contains at least one string of even number of b’ s }

(1) Show that Leyen is recursively enumerable.

(2) Show that Leyen is non-recursive.

fiR % :
(1) UTM.

(2) Leyen is non-recursive. We will show this by reducing H t0 Leye,. Since H is undecidable,
it follows that L.,., is undecidable. Assume there is a TM D that decides L.yen,. The
Turing machine Ty deciding H = {“M" | Turing Machine halts on e}.

Turing machine Ty as follows:

1. On input “M?”, We build the TM My as follows:

2. If x # e, reject; otherwise, Simulate M on e.

3. If M halts on e, then accept; if M does not halt on e, then reject.

4. Simulate D on “Mgyen "

5. If D accepts “Meyyen”, accept; If D rejects “Meoyen 7, T€ject.

We know that if M halts on e, L (Meyen, ) = {€} and accepts at least one string of even
length; Otherwise, if M halts on e, L (Meen ) = (0. Hence if M halts on e, D accepts
“Meyen 7’; Otherwise,if M halts on e, D accepts “Meyyen - Therefore, Turing machine Ty
above decides H. But the halting language H is known to be undecidable, this is a
contradiction. Thus our assumption that there was a machine D deciding My, must

have been incorrect. Mgyen is not recursive.

6. Classify whether each of the following languages are recursive, recursively enumerable but not

recursive, or non-recursively enumerable.

1. The language AL = {*M" | TM M accepts at least 2018 strings }.
2. The language E = {“M" | TM M accepts exactly 2018 strings }.
3. The language AM = {“M" | TM M accepts at most 2018 strings }.
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